L. Fuchs poses the problem of characterizing the subgroups of arbitrary abelian groups which are intersections of finitely many pure subgroups. We show that this problem for purifiable subgroups of primary abelian groups can be reduced to the case where the subgroups are vertical. We use this result to give a solution of this problem for subgroups of primary abelian groups in two special cases. Moreover, we obtain the following result: in a primary abelian group G, all pure hulls of a purifiable subgroup are Γ-high in G for some subsocle T of G.
Introduction. Problem 13 of L. Fuchs in his Infinite Abelian Groups, Academic Press, 1970, asks for a characterization of subgroups of an abelian group which are intersections of finitely many pure subgroups. This article is a contribution toward a solution of this difficult problem in the special case of primary groups with the additional assumption that the subgroups are already purifiable. We recall that a subgroup A of a primary abelian group G is said to be purifiable if it is contained in a minimal pure subgroup of G. Such a minimal pure subgroup is called a pure hull of A. We establish the rather unexpected fact that given a purifiable subgroup A of a primary abelian group G there exists a subsocle T of G such that all pure hulls of A are Γ-high subgroups of G. This fact allows us to define two families of new relative invariants of purifiable subgroups. Next we show that the intersection problem for purifiable subgroups can be reduced to the case where the subgroups are also vertical subgroups. Vertical subgroups are studied extensively by [1] and can be defined thus: a subgroup A of a primary abelian group G is vertical in G if We use these results to give a complete characterization of intersections of finitely many pure subgroups for subgroups A in two special cases, namely when A Πp m G [p] is a pure subgroup of p m G for some m > 0 and when Anp m G [p] is dense in p m G [p] for some m > 0. All groups considered here are /?-primary abelian groups for a fixed prime number p. The terminologies and notations not expressly introduced here follows the usage of [8] . Throughout this article, let A be a subgroup of a group G.
1. Purifiable subgroups.
DEFINITION.
A is said to be a purifiable subgroup of G if, among the pure subgroups of G containing A, there exists a minimal one. Such a minimal pure subgroup is called a pure hull of A in G.
1.2. DEFINITION. For every non-negative integer n, the nth overΛαftg of ^4 in G is the vector space
It is convenient to use the following notations for the numerator and the denominator of V n (G, A):
and
B. Charles was first to consider this notion in [7] . Finally, we want to characterize a subgroup of G to be purifiable in G. Now we introduce the following invariant in [13].
For every non-negative integer n, the nth defect of A in G is the vector space
Similarly it is convenient to use the following notations for the numerator and the denominator of D n (G, A): We use the nth defect of A to provide a sufficient condition on a subgroup A to be purifiable in G. But, in general, this condition is not necessary, although it implies the necessary conditions mentioned in Proposition 1.3 (1). We recall a result from [13] that is used in this article.
We also need the following concepts:
1.9. DEFINITION. A is said to be an m-vertical subgroup of G if there exists the least non-negative integer m such that V n (G, A) = 0 for all n> m. If m = 0, then A is simply said to be vertical in G. Moreover, we say that a subgroup is eventually vertical in G if it is m-vertical for some m > 0.
Every subsocle of G is immediately vertical in G. For more on these notions, see [1] and [4] .
The following lemma is used in Proposition 1.11. ( where S m _i is a subsocle of G. By finitely many steps, we have
where *S/ is a subsocle of G, 0 < / < m - N is a neat hull of A in G. If N is pure in G, then N (G, A) .
Recall that the nth Ulm Kaplansky invariant of a group G is 
In a discussion with K. Benabdallah, we obtained the following result. Before we do this, we need the so-called Dedekind short exact sequence,
LEMMA. Let T, S, U be submodules of a module G over some ring such that T c S. Then there exists the following short exact sequence:

o -> (s n u)i(τ nu)-+s/τ-+(s+ u)/{τ + u) -> o.
In particular, (S n U)/(Tn U)~S/T if and only if(SnU) + T = S, and S/T ~ (S + ί/)/(Γ + £/) z/αnd onlyifSnUcT. π
PROPOSITION. 7/^1 is purifiable in G,
for all n > 0. 
G[p]) ~ C7 Λ (G, ^)
by Lemma 2.
Hence it follows that f n (G/H) ~ U n {G, A)~f n (G/K)
We use the Dedekind short exact sequence to prove the following lemma that is used in Lemma 3.1.
LEMMA. Let L be a pure subgroup of G containing A. Then
for every integer n>0. C. Megibben characterized intersections of pure subgroups of primary groups in [12] . D. Boyer and K. M. Rangaswamy characterized such subgroups in arbitrary abelian groups in [6] . R. Gόbel and R. Vergohen characterized intersections of pure subgroups of valuated abelian groups in [9] . K. Benabdallah and S. Robert gave a characterization of intersections of finitely many neat subgroups in primary abelian groups in [5] . Moreover, under the condition that A[p] is dense in G[p], they solved the intersection problem in [5] . However, nothing is known about intersections of finitely many pure subgroups except the fact mentioned above.
Proof. By Lemma 1.8, note that
A n (G)/A n (L) = (A n (L) +A n (G))/A n (L)
A n (G)/(A"(L) Π A n (G)) c A n (G)/A H (L)
Put
It is well known that if A[p] is dense in G[p]
, then A is purifiable in G. In this article, as the first step toward solving the intersection problem, we study the problem for subgroups which are already purifiable. Before we give necessary conditions for subgroups to be intersections of finitely many pure subgroups in given groups, we need the following lemmas.
LEMMA. Let M be a non-negative integer. Let A be mvertical and purifiable in G and let L be a pure subgroup of G containing A. Then
for every integer n>0.
Proof Let ff bea pure hull of A in G. A) . Hence we may assume that n < m. By the proof of Theorem 1.12, it follows that (G,A)<tCom 0 (G,A) . Proof. Let ^4 = f|( =1 /// where /// is a pure subgroup of G containing ^4. By [ (G,A) . Π Theorem 3.4 gives necessary conditions on a purifiable subgroup to be an intersection of finitely many pure subgroups in a given group. It is natural to consider whether these conditions are sufficient. But, since the Intersection Problem is difficult, we do not know the answer at the present time. However, from Theorem 3.6, the author has a conjecture that these conditions are sufficient for a vertical subgroup.
Let A be purifiable and m-vertical in G for some positive integer m. If A is an intersection of finitely many pure subgroups in G, then Now, under the condition that D n (G, A) = 0 for all n > m, we give necessary and sufficient conditions for a subgroup ^4 to be an intersection of finitely many pure subgroups in G. Before we do this, we need the following lemma. Next, under the condition that A n (G) = A n +ι(G) for all n > m, we give necessary and sufficient conditions for a subgroup ^4 to be an intersection of finitely many pure subgroups in G.
